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Abstract
Firms are constantly trying to keep the customers interested by refreshing their assortments. In industries such as fashion retailing, products are becoming short-lived and, without
product introductions or in-store novelties, category sales quickly decrease. We model these
dynamics by assuming that products lose their attractiveness over time and we let the firm
enhance the assortment at a cost, for single or multiple categories. We characterize the
optimal closed-loop policy that maximizes firm profits. When adjustment costs are linear
in the attractiveness, we find that an assort-up-to policy is best: it is optimal to increase
category attractiveness to a target level, which is independent of the current attractiveness.
Interestingly, when there is no constraint on the maximum achievable attractiveness for any
category, it is optimal to invest in one category only, in the extreme cases single period and
infinite horizon. In that case the optimal assort-up-to levels can be characterized in closedform. In contrast, with capacity constraints or multi-period finite horizons, it is optimal to
diversify the investment across categories. Beyond our structural results, we study the value
of our closed-loop approach compared to open-loop and front-loaded strategies. We find that
our policies can provide significant value (up to 10% of additional profits), especially when
the costs are not too high nor too low, and there is significant uncertainty about the decay
rate of products, as in most fashion retailing contexts.
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Introduction

In many industries, the length of product life-cycles has been steadily decreasing. This phenomenon is most acute in apparel retailing, in which firms that used to release two collections
every year are now experiencing many more cycles, e.g., Esprit launches twelve mini-collections
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per year (Esprit 2011). This product release hyper-activity is triggered by the fact that fashionforward customers pay more attention to the latest trends and older products become less attractive. Hence, to keep the customers interested, retailers have to change or alter the products
they offer more often. Similarly, in consumer electronics retailing, the phone or tablet categories
exhibit continuous new product introductions from different brands. There is no significant
technological advancement in the functions of the new releases, but nevertheless consumers do
prefer the latest products. For books, music or movies, novelty also provide a boost on popularity: stores will provide special, better displays for these items; movie theaters will be even more
drastic, removing movies from the offer after a few weeks.
To cope with these dynamic changes on the consumer side, retailers react with dynamic
store policies, including new product introductions, dynamic in-store merchandizing or guidance
of salespeople efforts towards certain products (via incentives). In the not so distant past,
companies used to have limited ability to revise their decisions during their selling season because
there was little visibility on market trends, and in any case implementing store changes was too
slow. However, with the adoption of information technologies and postponement and quickresponse processes, it is nowadays possible to leverage real-time demand to dynamically adjust
what happens at the store level. We call these dynamic actions dynamic assortment decisions,
although they encompass not only choices of which products to sell in the store, but all the
other relevant variables that may influence product, category and store attractiveness as well.
An example is the fast fashion model adopted by some fashion apparel retailers. It is
essentially based on the effective use of information obtained early in the season to quickly
manufacture new products for sale later in the season. In particular, the information is used
to produce and distribute items to the stores based on refined demand forecasts, but also to
create new products similar to successful products (e.g., by offering more colors of a certain
model), thereby managing variety and assortment size dynamically. Zara and H&M are good
illustrations of this behavior. They use frequent assortment rotation to generate store traffic and
increase sales (Caro and Martı́nez-de-Albéniz 2009, 2012). For instance, Zara and other fashion
companies employ an attribute-based in-season design strategy: they learn the attributes of the
high-selling products during the season and design new products with those attributes. If a
certain color or fabric is selling well, the assortment can be renewed so as to give more weight to
the popular fabric-color combinations. In a way, one could talk about assortment replenishment,
as opposed to inventory replenishment, since what the retailer does is increase the assortment
attractiveness when new information becomes available.
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In this paper, we study the dynamic assortment planning problem of a retailer that wants to
maximize its profits during the season. The retailer carries items grouped in several categories,
fixed over time, and we use a logit demand model to take into account substitution across
different categories, as well as a possible outside option. One essential ingredient of our model is
that category attractiveness may decay over time, due to changes in consumers’ interest during
the season. The retailer can compensate this loss of attractiveness by putting an effort in the
category, which will help it increase sales and revenues. This can be seen as an investment in
new, fresher, products, or any other in-store merchandizing policy that can boost the category’s
perception. Of course, the cost associated with such investment should yield a return later
during the selling season.
We propose a dynamic programming formulation of the problem. In every period, e.g.,
every week, the retailer observes the latest information regarding category attractiveness and
can choose to increase attractiveness at a cost, possibly within a limited range. The objective is
to maximize discounted profits in expectation, by using the most appropriate closed-loop policy.
Such closed-loop approach is more suitable than an open-loop policy, where all decisions have
to be made at the beginning of the planning horizon. Specifically, in fashion products, there is
significant uncertainty about the performance of products, i.e., their attractiveness over time,
so closed-loop policies can perform much better than open-loop ones.
Our main results are the following. We characterize the optimal closed-loop policy for single
and multiple category problems under the assumption that the costs of increasing attractiveness
are linear. We find that an assort-up-to policy is optimal when margins are identical across
categories. Namely, the optimal policy is to increase category attractiveness up to a target
level, which is a parameter to be determined, independent of the starting attractiveness. When
margins are different across categories, the problem is generally not tractable. However, we can
still obtain strong results in two extreme cases: when there is a single period (short horizon) or
infinite number of periods (very long horizon). In such scenarios, it is best to choose only one
category for investment, as long as there is no constraint on the maximum achievable attractiveness for any category. In addition, the optimal assort-up-to levels can then be characterized
in closed-form, and depend on the category price, cost and expected decay. In contrast, when
the attractiveness of any category is subject to a capacity constraint, then the optimal solution
involves diversification across multiple categories, and we describe efficient algorithms to find
the optimal set of categories in which to invest, even when margins differ across categories.
In addition to our analytical results, we numerically compare the closed-loop approach that
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we propose to (i) an open-loop policy to evaluate the value of responsiveness, that is, the benefits
of updating the decisions after observing the attractiveness state of the assortment; and to (ii) a
front-loaded policy to evaluate the value of novelty, that is, the benefits of releasing attractiveness
in the middle of the season as opposed to just at the beginning. We find that our closed-loop
policies can provide a relatively interesting increase in profits, the value of which depends on the
problem parameters. An increase of more than +10% can be found when the costs are not too
high nor too low, and when there is significant uncertainty about the decay rate of products,
as in the fashion retailing contexts mentioned above. Our results also provide some critical
insight on the value of dynamic assortments. Previous research (Caro et al. 2014) showed that
when costs are high or expected decay is minimal, it is optimal to front-load all investments
for an open-loop policy. However, if there is uncertainty involved, we show that there are still
significant gains to be achieved by dynamically introducing attractiveness in-season: it is the
last-minute, closed-loop aspect that delivers the value. This suggests that the value of dynamic
assortments is highly sensitive to the timing of decision making.
The rest of the paper is organized as follows. We give an overview of the related literature in
Section 2. In Section 3, the assortment planning model is described and some general properties
are derived. A more detailed analysis of single-category and multi-category models is provided
in Sections 4, 5 and 6. We compare closed-loop and open-loop policies in Section 7. We conclude
in Section 8. All the proofs are given in a companion Appendix.

2

Literature Review

Our work is basically related to the literature of assortment planning problem of a retailer that
carries seasonal products. We refer the reader to Kök et al. (2009) for a review of the assortment
planning literature and industry practices. Most of the multi-period assortment planning studies
do not consider dynamic settings. We focus this review on the papers that incorporate dynamic
decisions into assortment planning.

2.1

Dynamic assortment planning with stationary demand

A class of dynamic assortment studies consider learning issues. Caro and Gallien (2007) is one of
the first papers in this stream of work. They formulate an exploration versus exploitation tradeoff problem. They develop a closed-form dynamic index policy to decide which assortment
to offer every period. Ulu et al. (2012) also study learning about customer preferences in a
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locational model by dynamically adjusting the assortment. They show that it can be optimal to
alternate between exploration and exploitation, and even offer assortments that lead to losses in
order to gain information on consumer tastes. Rusmevichientong et al. (2010) consider an MNL
choice model and construct an algorithm for optimizing dynamic assortments and parameter
estimation, and determine the rate of convergence to the optimal policy. Sauré and Zeevi
(2013) study assortment planning problems in which a more general random utility model drives
consumer choice. They develop dynamic policies that balance the tradeoff between exploration
and exploitation and prove that these policies satisfy some performance bounds. The latter two
papers use adaptive learning approach, whereas Caro and Gallien (2007) and Ulu et al. (2012)
use a Bayesian learning approach.
Other papers focus more on the revenue management aspect in retail: how a retailer should
sell a limited amount of products over time. Bernstein et al. (2010) study how assortments
for online retailing should be offered to the different customer segments, customized depending
on the profile of inventory and remaining time in the selling season. They show that it may
be optimal to “hide” some products to drive substitution to items with high inventory levels.
Rusmevichientong and Topaloglu (2012) formulate a dynamic assortment optimization under
the multinomial logit choice model where the parameters of the logit model are assumed to
be unknown. The objective is to find an assortment that maximizes the worst-case expected
revenue. They consider the problem of allocating a capacity to arriving customers over the
planning horizon. This setting is the robust analogue of the single-leg airline seat allocation
problem considered by Talluri and van Ryzin (2004), where the resource corresponds to the seat
availability on the flight leg and the products correspond to different fare classes.

2.2

Dynamically evolving demand models

The papers mentioned above assume that the attractiveness of products in an assortment remain
similar over time. There are a few papers that model explicitly the variation of consumer tastes
over time. For instance, Caldentey and Caro (2010) model changing consumer preferences as a
stochastic process called the “vogue”, where the products within a category are differentiated
by a single attribute (one dimensional location model). The retailer can choose to introduce
products with new attributes that best fit the current consumer preference. The optimal dynamic
assortment strategy is characterized, through the optimal time of product introduction.
Specific models that consider the reduction of a product’s attractiveness over its life cycle
have also been proposed, as we do in this paper. Conceptually, product interest decays with
5

the time that they have spent in the assortment, as opposed to having consumers change taste
randomly (implying that interest can go up or down). Caro et al. (2014) propose an attraction
model in which product preference weights decay over time. They formulate the assortment
packing problem, where given a collection a firm must decide in advance the release date of
each product for the entire selling season. This model is quite close to ours, the main difference
being that (i) we provide a closed-loop policy, instead of an open-loop one; and that (ii) we do
not focus only on product introductions, which are integral in Caro et al. (2014), but generally
consider effort, which may be done through product introductions or in-store marketing. Similar
approaches have also been used to model movie sales: Krider and Weinberg (1998) and Ainslie
et al. (2005) study attraction models where the market attractiveness of movies eventually decays
over time as they age in the theaters. Ainslie et al. (2005) models box-office sales as a sliding
window logit model with a gamma diffusion pattern and examine the factors that are likely
to affect sales. Krider and Weinberg (1998) model the competition between two movies and
conduct an equilibrium analysis of the product introduction timing game.
Finally, it is worth pointing out that there are also models where demand endogenously
evolves as a function of past consumption (and thus of past retailer decisions). Caro and
Martı́nez-de-Albéniz (2012) do not consider the decrease of attractiveness of products explicitly,
but model the satiation effect of products on utility of variety-seeking consumers, who buys
from multiple competing retailers. They determine the purchasing pattern of the customers
and give an explicit expression of the consumption level in steady state: market shares take the
form of an attraction model in which the attractiveness depends on price and product satiation.
Honhon and Kök (2011) consider assortment choices explicitly with variety-seeking customers
and identify cyclical patterns in the optimal assortment.

2.3

Demand driven by retailer effort

A broad stream of literature considering effort-dependent demands also exists in the operations
literature. These models are usually studied when designing supply chain contracts. For example, Taylor (2002) includes a buyback option with the sales-rebate contract to coordinate the
newsvendor with a fixed price but effort-dependent demand, while Krishnan et al. (2004) focus
on promotional efforts and Cachon and Lariviere (2005) consider retailer effort in the revenue
sharing contracts context. Wei and Chen (2011) characterize the structure of the optimal joint
inventory and sales effort control policy where the inventory decision follows an (s, S) policy
and then the sales effort is chosen depending on the inventory level. A particular type of effort
6

comes from product display: Curhan (1973) and Corstjens and Doyle (1981) are two early papers that link shelf space to retail sales. Smith and Achabal (1998), Wang and Gerchak (2001),
Balakrishnan et al. (2004), Caro et al. (2010) and Lago et al. (2013) discuss retail models where
sales are increasing in inventory levels. All these papers do not consider product substitution,
as we do here.

3

The Dynamic Assortment Planning Problem

3.1

Model formulation

Consider a retailer that offers N categories of products to its customers during a selling season.
Although we call these categories for simplicity, they can really be items or product groups
that remain stable over the season, even when their composition may change over time, e.g.,
T-shirts including different prints in different moments of the season. The model we propose
can be adjusted to deal with both kinds of decision levels, i.e., whether only a single product is
considered, which may be affected by in-store decisions, or a group of products is considered,
which may be affected by new items entering the category. In our analysis, we call these
categories to be able to give a sense of possible product groupings. The season is made of
periods t = 1, . . . , T . T may be finite or infinite. Note that T can be considered as the number
of revision points where the assortment can be refreshed, i.e., when its attractiveness can be
increased.
Each category i = 1, . . . , N has in each period t = 1, . . . , T an attractiveness of yit , which
captures the interest that it generates on the consumers. There is also the outside option with
an attractiveness of y0t , which may vary over time if there is seasonality, possibly stochastically.
We relate category attractiveness to its market share sit through an attraction model:
sit =

y0t +

yit
PN

k=1 ykt

.

This form is commonly used to model demand in marketing and operations management to
capture assortment-based substitution (Kök et al. 2009).
After products are introduced into the store, their attractiveness decays naturally over time.
We conceive the decay process of products as an intrinsic evolution driven by consumers’ evolving
preferences, which move away from previously known items. Indeed, studies from decision
analysis suggest that happiness is derived from change itself, see Baucells and Sarin (2012).
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We use a multiplicative decay to describe attractiveness dynamics. Namely, we assume that a
category with an attractiveness yit in period t would start period t + 1 with an attractiveness
xit+1 := εit+1 yit for i = 1, . . . , N, t = 2, . . . , T . εit is an exogenous random variable between 0
and 1. We denote ε̄it its average and σεit its standard deviation. For simplicity, all our numerical
results are shown with two-point distributions where ε̄it and σεit are varied. The attractiveness
decay process is analogous to the decay in value of harvested fresh produce (Blackburn and
Scudder 2009), and has been used before in retail applications (Caro et al. 2014).
Since the retailer wants to maintain the interest in the category, it will dynamically adjust
attractiveness over time via promotions, advertising, new introductions, etc. Specifically, after
observing the initial attractiveness level of a category, xit , at the beginning of a given period
the retailer is able to it can increase the attractiveness of each category, i.e., set yit ≥ xit . We
let uit := yit − xit ≥ 0 be the action taken by the retailer for category i in period t, and thus
yit := ϕi (uit , εit , yit−1 )

(1)

where ϕi (uit , εit , yit−1 ) = uit + εit yit−1 . Putting an effort ~ut := (u1t , . . . , uN t ) has a cost, denoted
C(~ut ). This formulation can be used to model different kinds of efforts. For example, uit could
be the attractiveness from new products introduced in the period, which we can consider to be
a non-negative continuous variable for simplicity. Or it could be a binary variable representing
an in-store marketing campaign on the category, through new fixtures, more sales support, etc.
Although both situations can be accommodated in our model, we focus on the first one as it
allows us to derive stronger analytical results. In other words, in the remainder of the paper,
we assume that uit is a non-negative continuous variable. We consider both cases where uit
can be constrained and unconstrained. The constraint comes from the assumption that the
maximum attractiveness level a category can take may be limited. This might be due to a
physical constraint, related to shelf space for instance. It might also be the case that the novelty
that can be added to a category can be limited making the popularity of that category limited.
We denote the maximum possible attractiveness level for category i as ai , and we require that
ai ≥ yit . Thus, uit ≤ ai − xit . We denote ~a = (a1 , . . . , aN ) be the vector of capacities for
attractiveness.
Let R(~yt ) be the revenue created by the vector of attractiveness levels ~
yt := (y1t , . . . , yN T ).
Letting Mt be the market size in period t, and pi the unit contribution margin of category i,

8

which can be assumed constant over time (Caro et al. 2014, Lago et al. 2013), we thus have that

R(~yt ) = Mt

PN

j=1 pj yjt
P
y0t + N
j=1 yjt

!

.

Since the retention of the attractiveness (or its decay) and the cost of increasing it can be
different for each category, the retailer must balance the effort over time and across categories.
We assume that retailer profits are discounted with rate β ∈ [0, 1]. With the objective to
maximize the total discounted profit over T periods, the dynamic assortment planning problem
can be written as follows:
max

~a≥~
yt ,~
ut ≥0∀t∈{1,..,T }

s.t.

E

X
T

β

t−1

t=1



R(~yt ) − C(~ut )

yit = ϕi (uit , εit , yit−1 ) ∀i ∈ {1, . . . , N } ∀t ∈ {1, .., T }

(2)

Since the action ~ut is taken with full knowledge of ~xt := (x1t , . . . , xN t ), we can write this
problem equivalently using a dynamic programming (DP) formulation, where Jt (~xt ) is the profitto-go from period t until T :
Jt (~xt ) =

max

~a≥~
yt ≥~
xt

s.t.

Gt = R(~yt ) − C(~yt − ~xt ) + βE[Jt+1 (~xt+1 )]

xit+1 = εit+1 yit

∀i ∈ {1, .., N }.

(3)

and JT +1 ≡ 0.
Note that we do not consider inventory constraints or costs. This is a general feature of
most dynamic assortment models (e.g., Caro et al. 2014, Ulu et al. 2012). There are two reasons
for this assumption. First, including inventory makes the analysis intractable and would force
the consideration of stock-out based substitution, which is very hard to solve (Honhon et al.
2010); or of inventory influences on the attractiveness, such as the broken assortment effect
identified in Smith and Achabal (1998) and Caro et al. (2010). In addition, if inventory had to
be taken into account, decisions should be taken at the SKU level, and would need to incorporate
inventory availability and progress of SKU attractiveness over time: this would make the state
space very large. Second and most important, in most of the practical applications we have in
mind, assortment decisions are taken before inventory is planned, and inventory can be adjusted
to the assortment requirements: retailers first focus on deciding what efforts they should devote
to each category, then make the decisions regarding the depth of the assortment, i.e., how many
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different SKUs to carry in every category, and then the inventory decisions, possibly including
resupply, are taken. This is true for fast fashion players like Zara for instance, which are capable
of providing more supply with a lead-time of 3-4 weeks. And these are precisely the firms capable
of running dynamic assortments with closed-loop controls, which is our focus.

3.2

General properties

The DP in Equation (3) has a tractable structure.
Proposition 1. When R is jointly concave in ~yt and C is jointly convex in ~ut , then Jt is
increasing and jointly concave in ~xt .
Hence, one of the key requirements to obtain structure in our problem is that R is jointly
concave in ~
yt . This is the case when categories have identical margins, i.e., p1 = . . . = pN .
Furthermore, note that this result makes use of the joint concavity of R(~yt ) − C(~yt − ~xt ) with
respect to (~ut , ~xt ), and requires that ~ut can be chosen in a convex set. As a result, if uit can
only take integer values, the result does not hold, and other arguments must be used, e.g.,
supermodularity (Topkis 1998).
In order to obtain stronger results, in the remainder of the analysis we make two strong
assumptions. First, we consider a stationary situation with a normalized market size Mt = 1,
an outside option y0t = 1 (these are scaling parameters that do not affect the results) and a
decay εi with a time-independent distribution. Such assumption is relatively realistic in certain
categories such as T-shirts, where sales and price points do not vary much over time. As can
be observed from the data used in Lago et al. (2013), for a fast fashion company seasonality or
price fluctuations are small compared to a traditional retailer where seasons are more apparent
and markdowns are much more relevant. Second, we assume that the cost function is linear,
P
i.e., C(~ut ) = N
j=1 cj ujt . This is reasonable when uit represents the number of new products

designed by the company, for which a per-unit design cost, stable over time, is incurred. This
linearity will allow us to decompose Gt as a sum of a nonlinear function of ~yt , plus a linear
function of ~xt , which will provide interesting policy structures. Furthermore, to avoid trivial

solutions where it is optimal not to carry product i, we assume that pi ≥ ci for i ∈ {1, . . . , N }.
In addition, we initially assume, for part of our analysis, that all categories have identical
margins equal to pi = p, i ∈ {1, . . . , N }. We then discuss the unequal margin case (in Sections
5.2 and 6.2). Equal margins is a reasonable assumption when the retailer offers similar price
points in all categories. However, in most situations, this may not be satisfied, in which case
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the optimal policy may be extremely complex (Proposition 1 will not apply).
Under these assumptions, we can rewrite Jt as follows:
Jt (~xt ) =

max

~a≥~
yt ≥~
xt

s.t.

Gt =

N
X

ci xit +

i=1

xit+1 = εit+1 yit

N 
X
i=1

1+

pi yit
PN

j=1 yit



− ci yit + βE[Jt+1 (~xt+1 )].

∀i ∈ {1, .., N }.

(4)

Given this structure, we first analyze the single-category model in Section 4. Then we
study the multi-category problem, first relaxing the capacity constraint on the attractiveness,
in Section 5, then with the added capacity constraint, in Section 6.

4

Single-Category Dynamic Assortment

4.1

Optimal policy

When the costs are linear we show that the optimal policy for a single category problem is one
where at the beginning of every period the attractiveness of the category is raised up to a specific
level if xit is below this level and no action is taken otherwise. We call this an assort-up-to policy,
since this is similar to the order-up-to level policies in inventory planning problems.
Theorem 1. When N = 1, the optimal policy is an assort-up-to policy. In other words, there
exists an assort-up-to level bt such that yt∗ = max{xt , bt }. Moreover, bt is non-increasing in
time: bt ≥ bt+1 .
The theorem provides a quite simple characterization of the optimal policy: in period t, the
retailer should examine how popular the category is, and make an effort only when it is lower
than bt . The structure directly follows from the linearity of cost, and as a result can be extended
even when market size and outside option are non-stationary. When parameters are stationary,
the optimal target levels bt are decreasing over time. This means that the retailer will try to
offer higher attractiveness earlier in the season, and reduce it as the number of periods remaining
goes down. As an extreme case, imagine that there is no decay: then the attractiveness of the
category will remain for T periods, and as a result, the higher T , the higher the willingness of
the retailer to offer more choice.
We can further characterize the optimal assort-up-to levels, using the first-order condition:
 ′

p
−
c
+
βE
εJ
(εy
)
− λ1 + λ2 = 0,
t
t+1
(1 + yt )2
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(5)

where λ1 and λ2 are the KKT multipliers associated with the constraints a > yt and yt > xt ,
respectively.
Proposition 2. When N = 1 we define ϕ1 :=

q

p
c

− 1 and ϕ∞ :=

• for T = 1 (single period), bt = min(ϕ1 , a);

q

p
c(1−β ε̄)

− 1, with E[ε] = ε̄.

• for T = ∞ (infinite horizon), bt = min(ϕ∞ , a).
Interestingly, there are closed-form formulas for the extreme cases where T = 1 or T = ∞.
For a single period, the investment in the category is independent of the decay, as there is a
single opportunity to sell the items. For infinite horizons, the investment is increasing in β and
ε̄: in fact, the more “durable” a category is, the higher the incentive to put effort in it. All can
be summarized in a normalized cost c(1 − β ε̄).
Finally, when T is finite and larger than one, bt will be recursively calculated, using Equation
(5). The only case where this recursion can be solved in closed form is when ε is deterministic,
equal to ε̄.
Proposition 3. When N = 1, and ε = ε̄ with probability one for all t ∈ {1, . . . , T }, define b̂t
as the unique b that satisfies:
T −t
X
τ =0

(β ε̄)τ
c
− = 0.
τ
2
(1 + ε̄ b)
p

(6)

Then:
• b̂t is a non-increasing sequence of t;
• there exists tlast = max{t|b̂t ≥ ϕ∞ =
for all t ≤ tlast , bt =

min(ϕ∞ ,a),

q

p
c(1−β ε̄)

− 1} such that;

and for t > tlast , bt = min(b̂t , a).

This result is similar to the result in Proposition 5 of Caro et al. (2014) in that the optimal
attractiveness decreases in time. In Figures 1(a) and 1(b) the change of the assort-up-to levels
in time can be seen as a function of the expectation of ε, ε̄, and its standard deviation, σε ,
respectively, for c = 0.8. For high ε̄ ϕ∞ is larger and bt starts to decrease earlier toward the end
of the selling horizon since attractiveness is large enough for the rest of the season and for high
σε bt starts to decrease earlier in the season so as to avoid the risk of over-investing.
Note that all the results of this section can easily be extended to handle seasonality in the
parameters. In that case, the assort-up-to levels need not be monotonic. We can numerically
show that as the market size Mt changes throughout the planning season, the optimal assort
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Figure 1: The change of assort-up-to levels in time for c = 0.8 and a = ∞.
up-to levels typically increase or decrease with an increase or decrease of the market size in
that period. A similar observation holds if the cost ct changes throughout the planning season.
When it comes to the outside option y0t , its effect on the assort-up-to levels, whether they are
going to increase or decrease, is not as obvious. For example, we can show that the stationary
assort-up-to-level is a concave function of y0 , and hence an increase in y0t may result in an
increase or a decrease in the corresponding bt .

4.2

Connection to inventory models and the effects of positive lead-times

The assortment planning problem discussed here is similar in some aspects to inventory problems with deteriorating inventory (Nahmias 1982) and inventory-dependent demand (Smith and
Achabal 1998, Caro et al. 2010). Specifically, the attractiveness decay is analogous to the decay
in the deteriorating inventory problems without demand. There, the natural quality of items
such as fruit, vegetables or flowers decreases and products quickly lose their value (Blackburn
and Scudder 2009). The fashion items that we consider have a similarly short market life cycle:
after a period of popularity, they start losing their value due to the changes in consumer preferences. As a result, the actual attractiveness evolves as follows: yt = εt yt−1 + ut , where ut is
the amount of “fresh” products, while yt−1 is the amount of “old” products that already started
decaying. Note that we are implicitly assuming that the decay among the “old” products is
homogeneous.
Another interpretation of our model is to consider an inventory system with a stochastic
demand that depends on the inventory level, as in Lago et al. (2013), Dt−1 = (1 − εt )yt−1 .
Then we have as the inventory balance equation yt = yt−1 − Dt−1 + ut , which is identical to the
attractiveness equation yt = xt + ut .
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Variations of our problem also share some similarities with the random yield problem. Indeed,
in our model, the effort ut comes into action immediately, in period t. However, in some cases
the “new” products may experience some delay between the introduction decision and the actual
appearance in the store, and as a result suffer some uncertainty in the attractiveness. If there
is a positive lead-time for the effort to become effective, and decays of old and new items are
different, the assortment problem is similar to the random yield problem. The state must be
extended to keep track of the actions taken but not implemented yet. We can only solve it when
the planned effort also decays in time together with the products already in the store. In any
case, existence of a positive lead-time does decrease the benefit of dynamic assortment decisions.
Large lead-times are actually the main reason for having to use open-loop policies instead of
closed-loop feedback policies. We compare the two later, in Section 7.

5

Multi-Category Dynamic Assortment without Capacity Constraints

When there are multiple categories, the arguments used in Section 4 are no longer valid. Indeed,
there are now several categories that evolve independently but interact in the revenue function.
This coupling makes the optimal policy more complex.

5.1

Optimal policy for equal margins

We start discussing the case of equal margins across categories. This case makes the revenue
function concave, and strong results can be derived.
Consider the first-order condition for the current profit Gt with respect to the attractiveness
of category i:
0=

(1 +


∂Jt+1
+ βE εit+1
(~εt+1 ~yt ) − ci + λit
2
∂xit+1
j=1 yjt )

p
PN



(7)

where λit is the KKT multiplier associated with the constraint yit ≥ xit . If these constraints are
non-binding, then λit = 0 and then we can again characterize the optimal policy, this time for
the multi-category problem.
∗ =b ;
Theorem 2. There exist assort-up-to levels bit ≥ 0 such that, if for all i, xit ≤ bit , then yit
it
∗ may depend on x .
otherwise, yit
it
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This result again stems from the linearity of the cost function, which makes profit a function
of ~yt and only linked to ~xt through a constraint. As a result, if the constraints are non-binding,
then the optimal policy is to use an assort-up-to policy, i.e., to raise attractiveness xit to bit .
However, due to the coupling between categories, if a category is such that xit > bit , then, for
∗ 6= b . Generally, y ∗ < b , since the incentive to
j 6= i, even if xjt < bjt , it is possible that yjt
jt
jt
jt

increase j’s attractiveness is reduced because i’s attractiveness is already too high. As in Section
4.2, we can link the assortment planning problem with multiple categories to a multi-product
inventory problem. Specifically, in our problem costs are separable but products are coupled
in the revenue function. In the inventory literature (Veinott 1965, Beyer et al. 2001 and Beyer
et al. 2002 among others), products are usually coupled through the cost function or a storage
capacity constraint. Despite these differences, we find similar structure in the optimal policy.
Interestingly, there are cases where some of the assort-up-to levels may be zero. In other
words, it is best not to put any effort in some categories. This is for instance the case for t = T .
Indeed, in the last period, Equation (7) with λit = 0 for all i implies that

(1+

p
PN

j=1

yjt )2

= ci , which

is only true when categories have the same per-unit effort cost. As a result, only investments in
the category with the lowest cost should be considered in the last period. A similar result holds
also for T = ∞.
Proposition 4. For each i ∈ {1, . . . , N }, let ϕ1i :=
assort-up-to levels satisfy:

q

p
ci

− 1 and ϕ∞
i :=

q

p
ci (1−β ε̄i )

− 1. The

• when T = 1 (single period), let i be one of the lowest-cost categories, i.e., i = arg min cj :
j

then bi = ϕ1i , and bj = 0 for j 6= i;

• when T = ∞ (infinite horizon), let i be such that i = arg min cj (1 − β ε̄j ): then bit = ϕ∞
i
j

and bjt = 0 for j 6= i for all t.
Similar to Proposition 2, we are able to characterize the assort-up-to levels in the extreme
cases T = 1 and T = ∞. Interestingly, the optimal solution with multiple categories is to invest
in a single category in these cases. In general, however this is not true. Figure 2 illustrates how
the assort-up-to levels may change over time. In this numerical example, the cost of investing in
category 1 is larger (c1 = 0.8 > c2 = 0.7 for Figure 2(a) and c1 = 0.9 > c2 = 0.8 for Figure 2(b))
but its attractiveness lasts longer (ε̄1 = 0.6 > ε̄2 = 0.5 for Figure 2(a) and ε̄1 = 0.6 > ε̄2 = 0.4
for Figure 2(b)). We observe that the assort-up-to level is first large for category 1, and then it
decreases as the season progresses, while there is no investment for category 2 at the beginning
we observe positive investment later in the season. Thus, the investment is dependent on the
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remaining time to the end of the season: category 1 is more expensive to invest in, but its
decay is smaller, hence it is better to invest in it only if there is enough time to recover the
investment, and it is better to invest in category 2 later since it is cheaper. We can conclude
that the profitability of the categories is not just measured by their costs but also by how they
decay. Note that in Figure 2(a) investment in category 2 starts earlier since it is expected to
decay less.
This behavior is reminiscent of Caro et al. (2014), where products with less decay should be
launched earlier in the season (Proposition 4). However, our model does not have a fixed set of
products to be introduced, but a cost for investing in a category. This makes the dynamics of
our model different than Caro et al. (2014), where the introduction of products depends only
on the decay: here, the timing of the investment is also crucial and depends both on the decay
and the cost.
0.8

0.7

b1t+b2t

0.7

b

0.6

b2t

b1t+b2t

1t

0.6

b1t
b2t

0.5
0.5
0.4
0.4
0.3

0.3
0.2

0.2

0.1

0.1

0
1

2

3

4

0
1

5

t

2

3

4

5

t

(a) (c1 , c2 ) = (0.8, 0.7), (ε̄1 , ε̄2 ) = (0.6, 0.5).

(b) (c1 , c2 ) = (0.9, 0.8), (ε̄1 , ε̄2 ) = (0.6, 0.4).

Figure 2: Assort-up-to levels bit over time, for T = 5, (σε1 , σε2 ) = (0.2, 0.2).
The dynamics of the optimal policy are thus complex. One may wonder whether there are
non-extreme cases (e.g., 1 < T < ∞) where some stronger results can be obtained. When decays
are deterministic and identical across categories, we can show that the category with the lowest
effort cost will be chosen in every period.
Proposition 5. When εi = ε̄ with probability one and common across categories, the optimal
policy is an assort-up-to policy where investments are made only for the category with lowest
per-unit effort cost ci , i.e., bit = 0 if i 6= arg min cj .
j

However, when categories have different decays, the assort-up-to levels may be difficult to
obtain, even in the two-period case or the constant decay case. But we are able to characterize
the solution for a two-period two-category problem with constant parameters ε̄1 and ε̄2 . In the
following we discuss the solution for this special case.
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Proposition 6. Consider the case T = 2 and N = 2, with p = 1, and sort the categories by
decreasing cost, i.e., c1 ≥ c2 . Then for t = 2, b2t = bsingle
and b1t = 0. For εi = ε̄i with
2
probability one, if ε̄1 ≤ ε̄2 then in t = 1 an investment is made only to the cheaper category 2.
Moreover if ε̄1 > ε̄2 it is possible to invest in both if c1 /ε̄1 < c2 /ε̄2 , in which case
θ1 − θ2 ε̄2 + (ε̄2 − 1)
ε̄1 − ε̄2
θ2 ε̄1 − θ1 + (1 − ε̄1 )
b2t =
ε̄1 − ε̄2

b1t =

with θ1 =

q

ε̄1 −ε̄2
c1 −c2

and θ2 =

q

1
.
c1 −ε̄1 /θ12

A numerical example for this is when c1 = 0.5, c2 = 0.427, ε̄1 = 0.7, ε̄2 = 0.5, in which case
b11 = 0.73 and b21 = 0.29. Note that investment in the more expensive category is worthwhile
since its decay is smaller. And b1t (b2t ) increases (decreases) as ε̄1 increases or c1 decreases.
In contrast to such predictable decays, when decay is random, an investment can also be
made simultaneously into different categories, as long as the categories are not too distinct
from each other. Indeed, it is beneficial to diversify the investments so as to hedge against
decay uncertainty. We show in Proposition 7 that, even though costs and decay distributions
may be the same for all categories, the optimal investment should be to equally distribute the
investments among the categories.
Proposition 7. In the case where εit s are identically distributed and ci = c for all categories,
assort-up-to levels are equal, bit = bt for all i.
To conclude this section, we investigate the role of category diversification (N ) in the optimal
policy. For this purpose, we compare numerically a scenario with N identical categories (same
costs and evolution of the attractiveness), with a scenario with one category. We define the
Value of Hedging, V oH, as the percentage gain in profits that is obtained by carrying N identical
categories instead of one, as follows:
V oH =

J1N − J11
,
J11

where J1N is the total expected profit for a system that carries N identical products.
In Figure 3(a), V oH is given for T = 2, c = 0.8 and different values of the spread of ε, from
0.2 to 0.5, when the attractiveness of all the products considered evolve independently according
to the same decay distribution for ε̄ = 0.5. We observe that, as ε becomes more widely spread,
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even though the different categories evolve in the same manner, carrying more than one category
is more profitable from a hedging perspective and thus V oH increases (Figure 3(a)). In Figure
3(b), the total assort-up-to level N bt is depicted for t = 1: it increases as N increases and
decreases as σε increases. This suggests that there is significant value from diversification and
uncertainty hedging, especially when decays are highly uncertain. Finally, it is worth noting
that these results are highly dependent on T . Indeed, this effect is quite significant for short
horizons, but as the horizon grows longer, the differences are reduced, and in the limit T = ∞,
V oH becomes zero (Proposition 4).
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Figure 3: V oH and total assort-up-to level N b1 for T = 2, c = 0.8, ε̄ = 0.5.

5.2

Unequal margins

As mentioned earlier, the assortment planning problem is not concave when the margins for
different categories are different, i.e., pi 6= pj for some i, j. Hence, it is difficult to solve this
problem, and Proposition 1 does not apply. In fact, unequal margin assortment planning is
a notoriously difficult problem well studied in the literature. In a static setting, Talluri and
van Ryzin (2004) show that a revenue-order assortment is optimal, one where only the highest
margin products are selected; Rusmevichientong et al. (2010) incorporate a capacity constraint.
Unfortunately, in dynamic environments, the problem is not tractable, see Caro et al. (2014).
Our model faces similar tractability issues. Fortunately, we consider continuous decision variables yit , and, although general fractional programs are difficult to solve (Schaible and Shi 2003),
in some circumstances some results can be derived. Specifically, for the extreme cases where
T = 1 or T = ∞ (starting with zero attractiveness), an assort-up-to level policy is optimal.
q
q
pi
Proposition 8. For each i ∈ {1, . . . , N }, let ϕ1i := pcii − 1 and ϕ∞
i :=
ci (1−β ε̄i ) − 1, and
assume xi1 = 0. Then, investing in only one category always results in the highest expected profit
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for the single-period and infinite-horizon problems. The optimal policy is an assort-up-to policy
as in Theorem 2, with assort-up-to levels defined as follows:
√
• when T = 1 (single period), let i be one of the lowest-cost categories, i.e., i = arg max pj −
j
√
cj : then bi = ϕ1i , and bj = 0 for j 6= i;
q
√
• when T = ∞ (infinite horizon), let i be such that i = arg max pj − cj (1 − β ε̄j ): then
j

bit = ϕ∞
i and bjt = 0 for j 6= i for all t.

This result provides a rich characterization of the optimal policy in the extreme cases T = 1
√
√
and T = ∞. We show that concentrating in one category is optimal: it is the one where pj − cj
p
√
(single period) or pj − cj (1 − β ε̄j ) (infinite horizon) is largest. For instance, when costs and
decays are identical, choose the highest margin category; when margins are identical, choose the
category with lowest normalized cost, either cj or cj (1 − β ε̄j ) depending on the horizon, as in
Proposition 4.
Again, it is difficult to characterize the optimal solution in general, and in particular an
assort-up-to policy may not be optimal. We can nevertheless compute the optimal assort-up-to
∗ (0) if the starting attractiveness x is zero for all i: when x ≤ b for all i, then
level bit := yit
it
it
it

∗ (~
yit
xt ) = bit . These assort-up-to levels deserve some study. For a two-category problem, let us

assume that c1 ≥ c2 and p1 ≥ p2 . Then the optimal decision could be to invest in any of the
two products in any given period, i.e., bit > 0 for all i. In Figure 4(a) we show an example for
T = 5, (p1 , p2 ) = (1, 0.9), (c1 , c2 ) = (0.8, 0.7), ε̄1 = ε̄2 = 0.5, σε1 = 0.3 and σε2 = 0.2. At the
beginning of the season an investment is made only to the high price/high cost category, when
the more expensive investment can be recovered, then investment is made to the low price/low
cost one towards the end. This switch is similar to the switch in the equal margins case where it
was due to the differences in the expected decays. Moreover, in contrast with the equal margins
P
case, the sum of the assort-up-to levels N
i=1 bit can also be non-monotonic in time. We give an
example for this in Figure 4(b) (for T = 5, (p1 , p2 ) = (1, 0.8), (c1 , c2 ) = (0.4, 0.25), ε̄1 = ε̄2 = 0.5,
σε1 = 0.3 and σε2 = 0.4). In general, the decisions in the unequal margin case more complicated
by the relative differences of price, cost and decays.
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(a) bit s for (p1 , p2 ) = (1, 0.9), (c1 , c2 ) = (0.8, 0.7),
ε̄1 = ε̄2 = 0.5, (σε1 , σε2 ) = (0.3, 0.2).

(b) bit s for (p1 , p2 ) = (1, 0.8), (c1 , c2 ) =
(0.4, 0.25), ε̄1 = ε̄2 = 0.5, (σε1 , σε2 ) = (0.3, 0.4).

Figure 4: Assort-up-to levels bit for unequal margins, for T = 5.

6

Multi-Category Dynamic Assortment Planning Model with
Capacity Constraints

In this section we consider the case when there is a stationary capacity constraint on the attractiveness of categories, ~a ≥ y~t . For the capacitated problem the results of Propositions 4
and 8 do not hold anymore: we show that for the special cases of T = 1 and T = ∞, both for
equal and unequal margin problems, the retailer might need to diversify the assortment instead
of carrying only one category.

6.1

Equal margins

If margins are equal, the result of Theorem 2 can be easily extended to include the added
capacity constraint.
Proposition 9. When the attractiveness of category i is limited to at most ai , the assort-up-to
levels for T = 1 and T = ∞ are found by using the following algorithm, which is polynomial in
the number of categories N . For T = 1:
1. Sort categories in an increasing order of costs, i.e., such that ci1 ≤ ci2 ≤ · · · ≤ ciN . For
q
each i ∈ {1, . . . , N }, let ϕ1i := cpi − 1.

2. Start with the first category k = 1.
3. If ϕ1ik −

Pk−1
j=1

aij < aik ,
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n
o
P
(a) then set bik = max ϕ1ik − k−1
j=1 aij , 0 and bik = 0 for j > k;
(b) else bik = aik and move to the next category k + 1.

For T = ∞, using the same algorithm with ϕ∞
i :=
solution.

q

p
ci (1−β ε̄i ) − 1

instead of ϕ1i yields the optimal

As we can see, the algorithm greedily adds attractiveness to each category until either the
optimal amount is reached (ϕ1i or ϕ∞
i ) or the capacity constraint becomes binding. This implies
that the firm will invest in more than one category: capacities will result in diversification.
Furthermore, we can also extend Proposition 5. If εi = ε̄ for all categories we can show
that an investment is made starting with the category with the smallest cost and categories are
added in an increasing order of costs in any period. The optimal solution to this special case is
actually similar to the one we show for the extreme cases T = 1 and T = ∞.

6.2

Unequal margins

Assuming again that xi1 = 0 for all i ∈ {1, . . . , N }, the single period problem with unequal
margins subject to capacity constraint can be written as follows.

max
z≥0





max
~b

N
X

bj

j=1



pj
− cj
1+z

where z is the total attractiveness, i.e.,
~b given z. Let dj (z) = pj − cj .
1+z



s.t. ~a ≥ ~b ≥ 0 and

PN

j=1 bj .

N
X
j=1

bj = z





The inner maximization is a linear problem in

Let K(z) be the set of categories that satisfy bj = aj at optimality (note that this set might
be changing as z changes). Of course, the optimal solution depends on the ordering of dj (z):
to maximize the profit, it is optimal to introduce the categories with the largest dj and their
target level should be as high as possible (equal to aj ). There is possibly one category i in the
optimum with bi < ai , with smaller di than the ones in K(z). Let I(z) = {i}.

P
Let LB ≤ z ≤ U B be an interval for which the ordering of dj (z) is fixed and j∈K(z) aj ≤
P
z ≤ j∈K(z) aj + ai . In this range of z, K(z) and I(z) do not change. Thus, the objective

function can be written as follows:
X

j∈K(z)



aj dj (z) + z −
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X

j∈K(z)



aj  di (z)

Thus, to optimize over z in this range, we have the following first-order condition:

0 = di (z) −

P



P
a
p
+
z
−
a
pi
j
j
j
j∈K(z)
j∈K(z)
(1 + z)2

=

pi −

P

j∈K(z) aj (pj
(1 + z)2

− pi )

− ci

Thus, within the interval z ∈ [LB, U B], the optimal z can be equal to the unique solution to
the previous equation (if it exists), or one of the extremes LB or U B. In addition, the number
of possible orderings of dj s is

N (N −1)
2

+ 1. Taking also into account the extreme case of I = ∅

the maximum number of evaluations is

N
2
2 (N − N

+ 4). As a result, by evaluating a polynomial

number of choices we can find the optimal solution, as formalized in the next result.
Proposition 10. When the attractiveness of category j can be increased up to aj the optimal
solution can be found for T = 1 and T = ∞ by evaluating a limited number of profits, which is
polynomial in the number of categories N . For T = 1:
n
o
1. For every i, j, determine zij such that di (z) = dj (z). Let Z = zij |i, j ∈ {1, . . . , N } . Let
z(ℓ) the ℓ-lowest value in Z, ℓ ∈ {1, . . . , |Z|}.

2. Upper loop. For every ℓ ∈ {1, . . . , |Z| + 1}, let (i1 , . . . , iN ) the sequence in which dj (z)
are sorted, i.e., di1 (z) ≥ . . . ≥ diN (z) for z ∈ [z(ℓ−1) , z(ℓ) ], where z(0) = 0 and z(|Z|+1) = ∞.
n
o
Lower loop. For (K, I) ∈ (∅, {i1 }), ({i1 }, {i2 }), ({i1 , i2 }, {i3 }), . . . , ({i1 , . . . , iN −1 }, {iN }) ,


P
P
let LBẑ = max z(ℓ−1) , k∈K ak and U Bẑ = min z(ℓ) , k∈K∪I ak .
• For (K, I) = (∅, {i1 }) set bi1 = min(ϕ1i1 , zℓ ) and bj = 0 for j 6= i1 . Evaluate the profit
function.
q
ak (pk −pi )+pi . If e ≥ 0, let ẑ = cei −1.
P
If LBẑ ≤ ẑ ≤ U Bẑ , assign bk = ak for k ∈ K, bi = ẑ − k∈K ak and bj = 0 for

• For every other (K, I) calculate e = −

P

k∈K

j 6∈ K ∪ I. Evaluate the profit function.

• Assign bk = ak for k ∈ K ∪ I and bj = 0 for j 6∈ K ∪ I. Evaluate the profit function.
3. Choose the ℓ, K, I that gives the best profit, which is the optimal solution.
For T = ∞ the optimal solution is found by replacing ci with ci (1 − β ε̄i ) in the algorithm.
To illustrate how the algorithm works, consider an example with p~ = (8, 5, 3) and ~c =
(3.7, 1.5, 0.5). If there were no constraints on the attractiveness we know from Proposition 8
that the optimal would be to invest in category 3 with b3 = ϕ13 = 1.45. With the constraints
there might be a diversification. In Figure 5(a) the possible orderings for dj s can be observed:
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for 0 ≤ z ≤ 0.36 d1 ≥ d2 ≥ d3 ; for 0.36 ≤ z ≤ 0.56 d2 ≥ d1 ≥ d3 ; for 0.56 ≤ z ≤ 1 d2 ≥ d3 ≥ d1 ;
1 ≤ z d3 ≥ d2 ≥ d1 .
Consider for example the capacity vector ~a = (0.6, 0.6, 0.6). In the first interval, we evaluate
(K = ∅, I = {1}); in the second interval we evaluate (K = ∅, I = {2}); in the third interval
we evaluate (K = {2}, I = {3}) and (K = 2, I = ∅); finally in the fourth interval, we evaluate
(K = {3}, I = {2}) and (K = {2, 3}, I = ∅). The best profit is equal to 1 with b3 = 0.6 and
b2 = 0.3. With tighter capacities ~a = (0.3, 0.3, 0.3), the profit is reduced to 0.9 with b2 = b3 = 0.3
and b1 = 0.08. In contrast, a more relaxed problem gives a profit of 1.5 for ~a = (1.3, 1.3, 1.3) with
b3 = 1.3. Figure 5(b) shows the categories chosen in the optimal solution and how the optimal
attractiveness of different categories are distributed as a changes. While the optimal profits are
obviously increasing in a, the optimal solution is non-monotonic, and profits are generally not
convex nor concave.
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Figure 5: Example for unequal margin algorithm with ~
p = (8, 5, 3); ~c = (3.7, 1.5, 0.5).

7

The Value of Closed-Loop Optimization

The focus of this paper is on controlling assortments with the latest information. In this section,
we are interested in quantifying the value of responsiveness, i.e., how much is gained by using
a closed-loop approach, compared to dynamic open-loop and also to static assortment policies.
For simplicity, we focus on the case without capacity constraints. The aim is to understand
the importance of updating the decisions as the season progresses and to see if the flexibility of
postponing decisions is worthwhile. We find that gains are significant, and more importantly,
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that it is closed-loop optimization that creates most of the value of dynamic assortments vs.
static ones.
Under an open-loop policy, decisions are taken irrespective of unplanned changes in the
system state. In other words, the decisions uit are taken at the beginning of the planning
horizon, i.e., at t = 1, as in Caro et al. (2014). In the open-loop case, the assortment planning
problem for the multi-category starting at ~x1 = 0 is given as follows:
πopen =

max

u1 ,...,~
~
uT ≥0

E

" T
X
t=1

β

t−1

N
X
i=1

where in the numerator and denominator

(

t
X
τ =1

)#

P
Qt
pi tτ =1
s=τ +1 εis uiτ
− cit uit

Pt
Qt
P
1+ N
j=1
τ =1
s=τ +1 εjs ujτ
t
Y

s=τ +1

εis

!

(8)

uiτ = yit . Note that here the expec-

tation is taken over all εit , and all the decisions are given before the selling season starts. The
objective function reflects how every period the attractiveness is increased by uit and how it
decays with parameter εit . This problem is again concave under equal margins. Since we cannot
generally find a closed-form solution, we find the optimal solution numerically. Note that this
is a complex task because, even when decays follow a two-point distribution, the objective is
a sum of O(2N T ) ratios of linear functions of uit , which makes it computationally intractable.
We can use optimization methods coupled with Montecarlo simulation, but we prefer to obtain
exact solutions so we keep T small. In contrast, a closed-loop is computationally simpler, as we
“only” need to run the dynamic programming algorithm with N dimensions.
We define the Value of Responsiveness, V oR, as the percentage gain in expected profit of
the closed-loop optimal policy over the open-loop optimal policy:
V oR =

πclosed − πopen
,
πopen

where πclosed is the expected profit of the system under the closed-loop policy, and πopen is
defined in Equation (8).
Furthermore, we compare these dynamic solutions to front-loaded static policies, those that
only introduce changes in the first period. In other words, the best static policy solves the
program in (8) with the additional constraint ~u2 = . . . = ~uT = 0. We can thus define the Value
of Novelty, V oN , as the percentage gain in expected profit of the open-loop optimal policy over
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the best static policy:
V oN =

πopen − πstatic
,
πstatic

where πstatic is the expected profit of the system under the best static policy.
When there is more than one category in the assortment the investment to be made depends
on the relative risk and gain from these different categories. Here we do not consider trivial cases
where investing in one of the products is far more profitable than investing in others, such as a
category with much lower expected decay and much higher margin. In general, the behavior of
assort-up-to levels are similar for both open-loop and closed-loop policies, but the distribution
of the investments across time for the two policies are different, which results in different profits.
In Figure 6, we depict the expected investment made in each category to see the difference
between two policies for N = 1 and N = 2, and T = 3. For N = 1 (with p = 1, c = 0.9, ε̄ = 0.5,
σε = 0.1) the investment in the open-loop policy is smaller than in the closed-loop policy for
t = 1 and it is the opposite for t = 2 and there is no investment in the last period, while
there is a small investment for the closed-loop policy. This distribution of investment results
in a difference of 9.8% in profits. This increase in profits is mainly due to the better timing
of investments under closed-loop. For N = 2, we compare uopen
and uclosed
for the following
it
it
parameters (p1 , p2 ) = (1, 0.9), (c1 , c2 ) = (0.8, 0.75), ε̄1 = ε̄2 = 0.5, (σε1 , σε2 ) = (0.5, 0.5). In the
open-loop policy in t = 1, 2 more investment is made in category 1, which has the higher margin
and is more profitable in expectation, and no investment is made at the end of the season, while
with the closed-loop policy an investment is made until the end of the season as the decay is
observed. With this distribution of investment the expected profit for closed-loop is 5.7% better.

0.4
0.8

open

open

u1

closed

uclosed

u

1

u
0.6

2
open

u2
0.2

0.4

0.1

0.2

0
1

uopen
t

uclosed

0.3

2

0
1

3

t

Euclosed
t

(a)
and
ε̄ = 0.5, σε = 0.1

uopen
it

2

3

t

Euclosed
it

for N = 1, p = 1, c = 0.6, (b)
and
for N = 2, (p1 , p2 ) =
(1, 0.9) and (c1 , c2 ) = (0.8, 0.75) and ε̄1 = ε̄2 =
0.5, (σε1 , σε2 ) = (0.5, 0.5)

Figure 6: Expected investment as a function of time for N = 1 and N = 2, T = 3.
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Figures 7, 8 and 9 illustrate the relative performance of the three policies (closed-, openloop and static), i.e., the value of responsiveness V oR and of novelty V oN , as a function of
the parameters. We do not display the actual profits, which, as one would expect, go down as
cost increases, expected decay is stronger or decay becomes more variable: the system becomes
either more expensive to maintain or less durable.
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c2 = 0.7 and (p1 , p2 ) = (1.2, 1).
c1 − 0.2 and (p1 , p2 ) = (1.2, 1).

Figure 7: Comparison of V oR and V oN for one or two categories, as a function of cost for
ε̄ = 0.55 and σε = 0.35.
In Figure 7(a) the change in V oR and V oN is given for c from 0 to 2 for p = 1. For
N = 2, in Figure 7(b) V oR and V oN are given for c1 from 0.8 to 1.15 for fixed c2 = 0.7 and
(p1 , p2 ) = (1.2, 1), while in Figure 7(c) both costs change so as to keep the same margin, i.e.,
p1 , p2 , c1 same as in Figure 7(b) and c2 = c1 − 0.2. ε̄ = 0.55 and σε = 0.35 is common to all
categories considered here.
For N = 1 both V oR and V oN increase and then decrease in cost. When cost is zero,
any policy will put infinite effort in the assortment, thereby capturing 100% of sales. As cost
goes to infinity, no investment will be made and profits will be zero. Thus, at the extremes,
V oR = V oN = 0. In the middle range, when it is rather inexpensive to improve the assortment,
V oR and V oN increase in cost. This is because, when cost goes up, the open-loop policy
will have to reduce the investment, while the closed-loop one is still capable of putting up the
investment only when it is needed. This advantage becomes more significant as cost becomes
higher. Similarly, the static policy suffers more from the cost increase because all investment
must be done upfront and thus later periods’ attractiveness will be reduced significantly, while
this is not so marked under open-loop policies. As cost becomes much higher, the reverse
situation occurs: investments under closed- and open-loop policies are severely reduced, thereby
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reducing V oR. V oN also decreases dramatically as cost increases, because when investment is
more expensive, later investments are avoided in open-loop policies (as they have less time to
pay back), and hence the optimal open-loop policy resembles the static one more and more.
For the two-category case N = 2, V oR depends highly on the relative values of the costs
and margins. In Figure 7(b) where c2 is fixed, as c1 increases V oR first increases, because, by
using the feedback on actual decays, a better distribution of the investment between the two
categories is possible. But when c1 is too high, then it is more profitable to invest in category
2 only, for both policies, and the observation of the realized decay is not as valuable anymore
(note that when this happens we are in the single-category case, in fact, we observe the same
V oR and V oN for the single-category case with c2 = 0.7). After this point, if c1 was increased
further, V oR and V oN would remain the same.
When both costs increase together, then there is no switch between categories as we discussed
before, see Figure 7(c). The dynamics are similar to Figure 7(a), and V oR and V oN are generally
increasing and then decreasing. In the range of the figure, when both costs are high, novelty is
avoided by the open-loop policy, because it is harder to recover the costs incurred. Hence, the
option to introduce new products during the season is not as advantageous, and V oN decreases.
Similarly, as both costs increase, it is more critical to use the latest information to decide which
category to invest in and how much, and V oR increases with costs.
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Figure 8: Comparison of V oR and V oN for one or two categories, as a function of standard
deviation of ε for ε̄ = 0.5.
In Figure 8, we consider decay distributions with varying standard deviations from 0 to 0.5
with ε̄ = 0.5. For N = 1, the change in V oR and V oN are given in Figure 8(a), with p = 1 and
c = 0.75. Figure 8(b) is for N = 2, (p1 , p2 ) = (1, 1), (c1 , c2 ) = (0.8, 0.75) and only the decay
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uncertainty of the second category, σε2 , is varied. In Figure 8(c) decay distributions are the
same for the two categories, (p1 , p2 ) = (1, 0.8) and (c1 , c2 ) = (0.4, 0.25).
We see that for N = 1 and for N = 2 with equal uncertainty (Figures 8(a) and 8(c)), V oR
is increasing as standard deviation of the decay increases. Indeed, closed-loop controls allow
the retailer to exert efforts only when they are needed, while open-loop decisions commit to
them regardless of the evolution of attractiveness, which is increasingly costly as uncertainty
increases: V oR is higher. V oN also increases in the uncertainty level. This is because the ability
to introduce products later in the season makes them more cost-efficient, as they are safe from
possible decays earlier in the season. Recall that investing in category i an amount of ui1 only
results in εi2 εi3 ui1 in period 3, so this is more expensive than investing ui3 . Thus, the higher the
variance, the higher this advantage of open-loop vs. static policies. Because of this inefficiency,
even when σ = 0, V oN is positive.
In addition, when there are two categories with different variance parameters, high V oR is
obtained as long as the two categories are similar in variance, but as they become more distinct
there may be a switch to the category that is expected to be more profitable, and the value of
the feedback is not as important anymore. In Figure 8(b), V oR decreases when uncertainty is
high, as there is a switch of the investment to the lowest cost category (to decrease the risk of
not recovering the investment). We can conclude that V oR is, in general, a function of the total
uncertainty but also of the difference between the categories.
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Figure 9: Comparison of V oR and V oN for one or two categories, as a function of expected
value of ε.
Figure 9(a) depicts the change in V oR and V oN with varying ε̄ from 0.4 to 0.7, for N = 1,
σε = 0.3, p = 1 and c = 0.8. For N = 2, in Figure 9(b) V oR and V oN are given for fixed ε̄1 = 0.5,
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σε1 = 0.3 and varying ε̄2 from 0.3 to 0.7 for (c1 , c2 ) = (0.8, 0.7) and (p1 , p2 ) = (1, 0.9); in Figure
9(c) the results are for the same distribution for decays, with σε1 = σε2 = 0.2, (c1 , c2 ) = (0.8, 0.8)
and (p1 , p2 ) = (1, 1).
The impact of the average decay ε̄ is similar to that of the standard deviation: if products
that decay faster, i.e., if ε̄ is smaller, V oR and V oN will be higher for N = 1 and N = 2
with categories sharing the decay distribution. Note that when ε̄ = 1, which means ε = 1 with
probability one, everything will be offered at the beginning of the planning season since there
will be no decay, hence there will not be any difference between different policies. We again
observe a non-monotonic behavior of V oR and also for V oN for the 2-category case when ε̄1 is
fixed. Indeed, as ε̄2 increases, both first increase since the two categories are not too different.
As ε̄2 increases further, then the retailer switches the investment to only category 2 with lower
decay and lower cost, and the differences in policies are lower in that case as observed in Figure
9(b).
In summary, the value of dynamic assortments comes from two levers. First, there is value in
the ability of introducing novelty (e.g., new products) during the season, as opposed to launching
an assortment in the first period and watching it decay; this is measured by V oN . Second, there
is also value in the ability of using the latest information to update dynamically the planned
assortment; this is measured by V oR. Our numerical study reveals that in most scenarios, the
second lever (V oR) is quite significant. There are regimes where the entire value is derived from
this, e.g., costs above 1.4 in Figure 7(a). This implies that closed-loop decision-making may be
the key operational lever in setting up dynamic assortments.

8

Conclusions and Further Research

In this paper we study the dynamic assortment planning problem, typical in fashion apparel
retailing. Assuming a fixed set of categories, we analyze how to maximize profits by adjusting
the attractiveness levels of its products during the selling season. When the ordering cost is
linear, we characterize the optimal closed-loop policy for single and multiple category problems.
We find that an assort-up-to policy is optimal for a single-category problem. For the multicategory problem with the equal-margin case we show that as long as the attractiveness of
categories are all below their respective assort-up-to levels the optimal policy is to invest up-to
these levels, otherwise the optimal solution may depend on the starting attractiveness levels. For
the special cases of planning for very short and very long terms we show that it is best to choose
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only one category for investment, as long as there is no constraint on the maximum achievable
attractiveness for any category. However, if the attractiveness of any category is limited then
there may be need for diversification. We find closed-form solutions for the uncapacitated
problems and we define algorithms to find the solutions for the capacitated ones. Finally, we
numerically compare the closed-loop policy that we propose, to an open-loop and a static policy,
to evaluate the value of responsiveness and of novelty respectively.
Our results open a number of questions for further research. First, the model can be tested
empirically for validation and further refining. Second, we have taken the review period as fixed,
e.g., a period is one week. This could in fact be a choice of the retailer: does it have to update
the assortment weekly, knowing that this will create a significant workload for the organization?
Or could it do it once a month only? This dilemma can be studied with our model, by solving
the problem for different review cycles. Moreover, if the review cycle can also be determined
dynamically, one could introduce a set-up cost associated with updating the assortment. Given
the connection of our model to inventory problems, this seems a tractable extension to study,
and it is likely that, for a single category, the optimal assortment policy is an (s, S) policy, where
effort should only be invested if attractiveness is below s, in which case it should be brought up
to S. Third, more strategic decisions can be considered. Namely, in our model responsiveness
is fixed, i.e., the retailer can update the assortment with a zero lead-time, and we discuss when
this can be done with positive lead-time. In practice, such responsiveness usually comes at a
high cost, and Fisher (1997) suggests that should only be used when products are innovative,
with high uncertainty (decay uncertainty in our case). If it is possible to adjust the assortment
immediately at a high cost, or do it with a longer lead-time at a lower cost, what would the
optimal combination be? How often and when should the adjustments be done at the last
minute? This seems a difficult question, but it would shed light on a very relevant issue that
retailers face.
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Appendix of “A Closed-loop Approach to Dynamic Assortment
Planning”: Proofs
Proposition 1
Proof. We prove it by straightforward induction on t. R in Equation (3) is jointly concave in ~yt
if margins are identical across categories, i.e., p1 = . . . = pN . When this is the case, the reward
function R(~yt ) − C(~yt − ~xt ) is jointly concave in ~xt and ~
yt . In addition, E[Jt+1 (~xt+1 )] is clearly
jointly concave in ~yt because xit+1 = εit+1 yit (hence for each sample path, this is a concave
function). The conclusion follows from Proposition 5 in Smith and McCardle (2002). Finally,
Jt (~xt ) is increasing with ~xt because, given ~ut = ~
yt − ~xt , R(~xt + ~ut ) and Jt+1 (~xt+1 ) are increasing
in ~xt .

Theorem 1
Proof. Let us first assume that there is no capacity constraint. Taking the derivative of Gt in
Equation (4) with respect to yt we have the following optimality condition:
p
′
+ βE[εJt+1 (εyt )] − c + λt = 0
(1 + yt )2
Let bt be the solution of this equation with λt = 0, which is the case for xt = 0, for example.
Then clearly if the constraint is not binding, yt∗ = bt ; otherwise, λt > 0 and yt∗ = xt > bt .
′

In addition, Jt can be written as follows:

Jt (xt ) = min c,
′


p
′
+ βE[εJt+1 (εxt )] .
(1 + xt )2

This comes from the fact that, given xt , if an action is taken to increase xt to yt ≥ xt then
′

′
p
+ βE[εJt+1 (εyt )]
(1+yt )2
′
p
+ βE[εJt+1 (εxt )]
(1+xt )2

Jt (xt ) is equal to c, because the optimality condition yields

− c = 0.

If no action is taken yt = xt , then λt > 0, which gives

< c and

′

Jt (xt ) =

p
(1+xt )2

′

+ βE[εJt+1 (εxt )].
′

′
We show by induction on t that Jt ≥ Jt+1
and bt ≥ bt+1 . For period T , this is true, because

bT +1 = 0 (no revenue after T + 1 and positive cost) and

JT (x) = min c,
′

1

p
(1 + x)2



≥ 0.

′

′

Assuming that Jt+2 ≤ Jt+1 , for any y, bt , bt+1 satisfy c =

p
(1+y)2

′

p
+ βE[εJt+1 (εy)], (1+y)
2 +

′

βE[εJt+2 (εy)], and bt ≥ bt+1 because the right-hand side functions are decreasing in y. It also
′

′

follows that Jt+1 ≤ Jt from the following definitions:


p
′
Jt (x) = min c,
+ βE[εJt+1 (εx)]
(1 + x)2


p
′
′
Jt+1 (x) = min c,
+ βE[εJt+2 (εx)] .
(1 + x)2
′

This completes the induction. If we add the capacity constraint, a ≥ yt , because of the convexity
of the problem the optimal assort-up-to level will be min(bt , a).

Proposition 2
Proof. Let us first assume that there is no capacity constraint. The first-order condition for a
single period problem with x = 0 is:
p
− c = 0.
(1 + b)2
From this equation we have b = ϕ1 :=

q

p
c

− 1.

For the infinite-horizon problem, since ε is stationary, the assort-up-to level will be same for
two consecutive periods. We can write the partial derivative as follows:
p
′
+ βE[εJ∞ (εb)] − c = 0
2
(1 + b)

(9)

Equation (9) gives the optimal assort-up-to level b. When the attractiveness level falls to εb,
an order will be placed in the following period to reach the optimal level, thus we have that
q
′
p
p
∞ :=
J∞ (εb) = c. Hence, (1+b)
+
β
ε̄c
=
c,
which
yields
b
=
ϕ
2
c(1−β ε̄) − 1.
If we add the capacity constraint, a ≥ yt , because of the convexity of the problem the optimal

assort-up-to level will be min(bt , a).

Proposition 3
Proof. Let us first assume that there is no capacity constraint. Take t1 < t2 . The sum in (6)
is smaller for t2 than for t1 . Indeed, for smaller t1 , more positive terms are added to the sum.
Equating these different sums to c we get b̂t1 ≤ b̂t2 since the sum is a decreasing function of b.
This proves the decreasing nature of b̂t and yields the existence of tlast .
2

We prove the result for bt by induction: it is equal to b̂t if t > tlast , in which case Jt′ (x) =
o
n P
−t (β ε̄)τ
; or ϕ∞ otherwise. For t = T , bT satisfies
min c, Tτ =0
τ
2
(1+ε̄ x)
p
= c,
(1 + b)2

i.e., bT = b̂T . Moreover for x ≥ bT , JT′ (x) =

p
(1+x)2 .

For t + 1 > tlast , we thus have from the induction hypothesis that bt+1 = b̂t+1 < ϕ∞ . This

implies that for ε̄b ≤ bt+1 = b̂t+1 , Equation (5) can be written as
p
+ β ε̄c = c,
(1 + b)2
i.e., b = ϕ∞ . Hence if ε̄ϕ∞ ≤ b̂t+1 , then t = tlast and bt = ϕ∞ . Otherwise, the equation above has
no solution and thus we must look for a solution of Equation (5) in the range ε̄b > bt+1 = b̂t+1 .
In this case, the inductive hypothesis yields
TX
−t−1
T
−t
X
p
(β ε̄)τ
(β ε̄)τ
+
pβ
ε̄
=
p
= c,
(1 + b)2
(1 + ε̄τ b)2
(1 + ε̄τ b)2
τ =0
τ =0

and thus bt = b̂t and the inductive hypothesis is proven for t.
Finally when t+1 ≤ tlast , we have that bt+1 = ϕ∞ < b̂t+1 . Hence Equation (5) has a solution

at ϕ∞ , and thus bt = ϕ∞ , as well. If we add the capacity constraint, a ≥ yt , because of the
convexity of the problem the optimal assort-up-to level will be min(bt , a).

Theorem 2
Proof. The result follows from Theorem 3.3 in Beyer et al. (2001) where the authors study a
multi-product inventory problem with stochastic demands and a warehousing constraint under
discounted-cost criterion. They show that a modified base-stock policy is optimal. With this
policy there exists a sequence of base-stock levels Sik for product i in period k, such that if the
beginning inventory position is below S~k then the optimal policy is to order up to S~k , where S~k is
the vector for base-stock levels for all products. On the other hand, when the beginning surplus
is not below S~k , a more complicated ordering policy is optimal. Under this policy, if a product
is above its base-stock level, it may still be ordered or if it is below its base-stock level it might
not be ordered. This type of feedback policies is established under the following assumptions
which are satisfied for our problem: Gt (~yt ) is continuous and Gt (~yt ) → −∞ as ~yt → ∞. And
3

from Proposition 1 Jt (~xt ) is increasing and concave.

Proposition 4
Proof. For T = 1 (the single-period problem), the first-order conditions defined in (7) take the
following form for product i, given xi = 0:

(1 +

p
PN

2
j=1 bj )

= ci − λi .

Note that the left hand side would be the same for all products. Then λi could be equal to
zero only for the product with the smallest cost. Let i = arg min cj , then ci = cj − λj for j 6= i,
j

which implies that only the assort-up-to level for i is positive. From the FOC, it is equal to
q
bi = ϕ1i = cpi − 1. For k 6= i, bk = 0.

For the infinite-horizon with T = ∞, a stationary solution is optimal since we are considering

a stationary problem. We have for all t (we omit t for brevity):

J(~x) = max G(~y ) =
y ≥~
~
x

N
X

ci xi +

i=1

N 
X
i=1

1+

pyi
PN

j=1 yj

− ci yi



+ βE[J(~ε~y)].

At optimality, the following equations must be satisfied for ~b, starting at xj = 0 for all j:
0=

We can write

∂J(~
x)
∂xi

(1 +




∂J ~
+ βE εi
(~εb) − ci + λi .
2
∂xi
j=1 bj )

p
PN

(10)

in a similar way as we did for the single-product problem:



∂J(~x)
p
∂J ~
= min ci ,
+ βE εi
(~εb) .
P
2
∂xi
∂xi
(1 + N
j=1 bj )

If bi > 0, the minimum is achieved at ci , we have λi = 0 and thus,

(1 +

p
PN

2
j=1 bj )

= (1 − β ε̄i )ci .

Hence for k 6= i, unless ci (1 − β ε̄i ) = ck (1 − β ε̄k ), λk and λi cannot be both equal to zero, which
would imply a positive assort-up-to level for both i and k. As a result, bi is positive only for i
q
p
that satisfies i = arg min cj (1 − β ε̄j ). Then bi = ϕ∞
=
i
ci (1−β ε̄i ) − 1. Otherwise, bk = 0 for
j

k 6= i.

4

Proposition 5
Proof. We proceed by induction.
For t = T , from Proposition 4 we know that for the single-period problem an investment is
made only to the 
cheapest product. Let i be the product with the smallest cost. Then for all j,
p
∂JT
P
yT ) = min ci ,
, which depends only on the sum of xjT , j = 1, . . . , N (an
2
∂xjT (ε̄~
(1+ N
j=1 xjT )
PN
order is given for i if j=1 xjT < biT ).
Now let us assume that this is true for all periods t + 1, · · · , T . For t, the FOC in (7) implies:
cj − λjt =

(1 +

p
PN

j=1 bjt

)2

+ β ε̄

∂Jt+1 ~
(ε̄bt ).
∂xjt+1

In the periods after t, only investments into product i are possible, and thus Jt+1 depends on
P
bit+1 only: if the sum N
j=1 xjt+1 < bit+1 an investment will be made, and no action will be
P
taken otherwise. Hence Jt+1 will be a function of ci , bit+1 and N
j=1 xjt+1 only, which again
makes it the same for all j. This means cj − λjt is the same for all j. With the same argument
as before, an investment is made only to product i in period t.

Proposition 6
Proof. In the last period t = 2, investment will only take place on category 1, per Proposition
n
o
∂JT
1
4. Thus for i = 1, 2, ∂x
(~
x
)
=
min
c
,
T
1 (1+x +x )2 .
iT
1T

2T

FOCs for b1t and b2t for t = 1, when they are both starting from zero level of attractiveness

and they are both positive, are given as follows:
1



1



+ ε̄1 min c1 ,
= c1
(1 + b1t + b2t )2
(1 + ε̄1 b1t + ε̄2 b2t )2


1
1
+ ε̄2 min c1 ,
= c2 .
(1 + b1t + b2t )2
(1 + ε̄1 b1t + ε̄2 b2t )2

(11)
(12)

We first show that there is no investment in t = 2 if both assort-up-to levels are positive
in t = 1. Indeed, if the investment was positive, then the equations above would imply that
(1− ε̄1 )c1 = c2 − ε̄2 c1 . This is a degenerate case that also yields a solution where only investment
into one category at t = 1. Hence the minimum in (11) and (12) is equal to

5

1
.
(1+ε̄1 b1t +ε̄2 b2t )2

b1t

and b2t are the unique solutions to the following equations from (11) and (12):
1
2

= c1 −

ε̄1
(1 + ε̄1 b1t + ε̄2 b2t )2

1


 − 1 = θ2 − 1

(13)

− 1 = θ1 − 1.

(14)

(1 + b1t + b2t )
ε̄1 − ε̄2
= c1 − c2 ,
(1 + ε̄1 b1t + ε̄2 b2t )2
which gives:
v
u
u
=t

b1t + b2t

c1 − ε̄1

ε̄1 b1t + ε̄2 b2t =

c1 −c2
ε̄1 −ε̄2

s

1

c1 −c2
ε̄1 −ε̄2

Solving these equations we get:
θ1 − θ2 ε̄2 + (ε̄2 − 1)
ε̄1 − ε̄2
θ2 ε̄1 − θ1 + (1 − ε̄1 )
=
ε̄1 − ε̄2

b11 =
b21
with θ1 =
c1 −c2
ε̄1 −ε̄2

q

ε̄1 −ε̄2
c1 −c2

and θ2 =

q

1
.
c1 −ε̄1 /θ12

Note that for (13) to be consistent we must have

≤ c2 . Hence we have the following conditions to be satisfied along with the condition

c1 /ε̄1 < c2 /ε̄2 , which says ε̄1 must be large enough to compensate the extra cost to invest in
product 1:
0≤

c1 − c2
≤ c2 ≤ c1 .
ε̄1 − ε̄2

Proposition 7
Proof. We proceed by induction.
For t = T , from the FOC, for category i:
c − λiT =

(1 +

p
PN

2
j=1 bjT )

.

As a result, one optimal solution (out of many) is to set biT =

1
N

q

p
c


−1 .

Now let us assume that this is true for all periods t + 1, · · · , T , that is, assort-up-to levels
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are equal for all products. For t, the FOC implies:
c − λit =

(1 +




∂Jt+1 ~
+ βE εi
(~εbt ) .
2
∂xit+1
j=1 bjt )

p
PN

Denote the expectation in the right hand side hi (b1t , b2t , · · · , bN t ). Since the decays are i.i.d. we
can show that for example for product 1 and product 2 h1 (b1t , b2t , · · · , bN t ) = h2 (b2t , b1t , · · · , bN t ).
If the assort-up-to levels are positive for products 1 and 2 the following is true:
c =

p
PN

2
j=1 bjt )

(1 +

c =

p
PN

2
j=1 bjt )

(1 +

+ βh1 (b1t , b2t , · · · , bN t )
+ βh2 (b1t , b2t , · · · , bN t ),

which implies h1 (b1t , b2t , · · · , bN t ) = h1 (b1t , b2t , · · · , bN t ), which could not be true if b1t 6= b2t .
Note that this is true for any two products, which completes the induction.

Proposition 8
Proof. For the single-period problem, with xi = 0, the optimization problem can be written as
i=1 pi bi
PN
~b≥0 1 +
i=1 bi

max

Letting z =

PN

i=1 bi

PN

−

N
X

ci bi .

i=1

and θi = bi /z, this is equivalent to

max

z≥0 θ≥0|
~

z

max
P

N
i=1 θi =1

PN

i=1 pi θi

1+z

−

N
X

ci zθi .

i=1

Given z, the second maximization program is linear and yields an optimal solution where there
is i such that θi = 1 and θj = 0 for j 6= i. This proves that at optimality, investment should
only occur in one category. To determine which one, it is sufficient to consider the optimal
q
single-category decisions, i.e., bi = pcii − 1 ≥ 0. This yields a profit of
pi bi
− ci bi =
1 + bi

pi

q

pi
ci

q

− pi

pi
ci

Thus the category with the largest

− ci

r

√
pi
√
√
+ ci = pi − 2 pi ci + ci = ( pi − ci )2 .
ci

√
√
pi − ci ≥ 0 should be chosen.
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For T = ∞, the same derivation can be used replacing cost by ci (1 − β ε̄i ).

Proposition 9
Proof. For T = 1, the first-order conditions for the capacitated problem take the following form
for category i, given xi = 0:

(1 +

p
PN

2
j=1 bj )

= ci + λi1 − λi2 .

where λi1 and λi2 are the KKT multipliers associated with the constraints ai ≥ bi and bi ≥ 0,
respectively. The possible values that the right hand side can take are ci − λi2 if no order is
given, ci + λi1 if an order is given with bi = ai , and ci if and order is given with bi < ai . Note
that the left hand side is the same for all categories, hence for a category ik , bik < aik is possible
q
either if cik = (1+bpi )2 , which implies bik = cpi − 1, or when the cost for category ik satisfies
k

k

cik > cj for j ∈ {1, · · · , k − 1} with bij = aij , ∀j, and cik =

(1+

p
Pk

2
j=1 bij )

. The latter is the

case when bi1 was raised as high as possible, but the optimum sum for the attractiveness is not
achieved. In this case categories are added in the assortment in increasing cost to achieve better
total attractiveness level until for category ik , b̂ik < aik is satisfied, which is equal to saying
P
p
Pk
that cik =
. In the case this equality is not satisfied for any i, ϕ1ik − k−1
j=1 aij < 0,
2
(1+

j=1 bij )

which means at the optimum all categories are raised to their respective maximum possible
attractiveness levels.
For the infinite-horizon with T = ∞, a stationary solution is optimal since we are considering
a stationary problem. We have

J(~x) = max G(~y ) =
y ≥~
~
x

N
X
i=1

ci xi +

N 
X
i=1

1+

pyi
PN

j=1 yj

− ci yi



+ βE[J(~ε~y)].

At optimality, the following equations must be satisfied:
0=
with

(1 +


∂J ~
+ βE εi
(~εb) − ci − λi1 + λi2
2
∂xi
j=1 bj )

p
PN





∂J(~x)
p
∂J ~
=
+ βE εi
(~εb) − λi1 + λi2 .
P
2
∂xi
∂xi
(1 + N
j=1 bj )

(15)

Similar to the single period case, for category ik , bik < aik is possible either if cik (1 − β ε̄ik ) =

8

p
(1+bik )2

or when category ik satisfies cik (1 − β ε̄ik ) > cij (1 − β ε̄ij ) for all categories ij with

bij = aij . The first is true since if the order is less than aik in the stationary case it will continue
∂J(~
x)
∂xik

to be similar in the following periods, hence we can replace

in the expectation by cik and

then an investment is made only to this category in the optimum. If this is not true there should
exist categories ij with bij = aij , for which the behavior of the optimum is again similar for the
following periods and by replacing

∂J(~
x)
∂xij

for ij we can show that cik (1 − β ε̄ik ) > cij (1 − β ε̄ij ).

In this case categories are added in the assortment in increasing cij (1 − β ε̄ij ) values, hence a
similar result to T = 1 follows by replacing ci with ci (1 − β ε̄i ).

Proposition 10
Proof. The derivative of the objective function for the unequal margin problem can be written
as follows given K and I:
−

P

k∈K

ak pk − (z −
(1 + z)2

P

k∈K

ak )pi

−
pi
+
− ci =
1+z

P

k∈K

ak (pk − pi ) + pi
− ci .
(1 + z)2

Note that this derivative does not change as z is infinitesimally altered at any point, but
it does change as the set K and possibly I change as the order of dj s changes. This change
occurs as z changes in pairs, that is, every time a change occurs it involves two categories. There
are three possibilities: first dj s for two categories that are not in the current K change, which
obviously does not change the derivative. Second, dk s for two categories that are in the current
K with both bk = ak can change, again this does not change the derivative. Third, the smallest
dk in the current K, dki , and di might be changing orders. In the latter case the derivative will
be changing from

to

−

−
P

k∈K\ki

P

k∈K

ak pk − (z −
(1 + z)2

P

k∈K

ak pk − ai pi − (z − ai −
(1 +

z)2

ak )pi

P

+

k∈K\ki

pi
− ci
1+z

ak )pki

+

pki
− cki .
1+z

p

ki
pi
Since at the intersection point di = dki , that is, 1+z
− ci = 1+z
− cki , their difference is equal to
P
(pki − pi )( k∈K ak − ai − z), which is where the change occurs in the derivative.

From the definition of the derivative we see that, given K, we either have a concave or a

convex function at hand, depending on the parameters ak s and pk s (specifically, on the sign of
P
eK = − k∈K ak (pk − pi ) + pi ). If we have concavity, that is, when eK > 0, we evaluate for the
9

solution with K and I. By evaluating all possible derivatives we can find out which solution
gives the best z and hence the optimal categories to invest in depending on the capacities. The
number of possible orderings for dj s is the number of intersections where dj s change order of
magnitude as z increases plus 1, which is equal to

N (N −1)
2

+ 1. Given an interval for z the

possible solutions where we need to evaluate the derivative are limited to N . Note that for
the case (K, I) = (∅, {i1 }), where there is no binding capacity constraints, the single category

in a given interval with the highest di1 is evaluated at an attractiveness level of min(ϕ1i1 , U B).
There is also the extreme case of a solution with a subset of categories only with binding
constraints, where I = ∅ (N possible solutions). Hence, the maximum number of evaluations is

( N (N2−1) + 1)N + N . For T = ∞, the same algorithm can be used replacing cj by cj (1 − β ε̄j )
for all j.
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